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Abstract-A very efficient method of analysis for the elastic behavior of three-dimensional solids
with a large number of embedded fiber inclusions has been developed. For specific applications to
the analysis of cylindrical shaped fiber inclusions significant gain in efficiency can be achieved by
defining these inclusions by a system of curvilinear line elements with a prescribed diameter and by
assuming a variation in the traction and displacement field in the circumferential directions in terms
ofa trigonometric shape function together with a linear or quadratic variation along the longitudinal
direction. The resulting integrals are then treated semi.analytically. A number of examples of the
analysis which has been developed for composite elements are described.

INTRODUCTION

The behavior of composites under mechanical. thermal and dynamic loading is extremely
complex and can only be understood if the observed behavior is interpreted in terms of
micromechanical or macromechanical analyses. Such analyses must take care ofthe complex
interaction of the individual fibers or bundles of fibers embedded in the three-dimensional
matrix and must allow for increasing levels of sophistication in terms of the idealization of
the fibers as well as the matrix.

It is evident that for proper analysis ofcomposites one needs to use a numerical method
that is capable of idealizing the individual fibers or individual bundles of fibers embedded
within a three-dimensional matrix. The analysis must be able to take account of high stress
gradients resulting from the diffusion of stress from the fiber to the matrix and must allow
for the interaction between the fibers through the matrix. The boundary element method
is uniquely suited for the task. BEM has proven its ability to accurately determine stress
near a stress concentration. All functional quantities in a BEM system are on the boundary.
therefore. allowing interaction on the interface between the matrix and the fiber to be
readily described by BEM models. Further. recent developments have shown the generality
and versatility of the boundary element method in analysing large two- and three-dimen
sional problems subjected to static. dynamic and thermal loads.

This paper details the progress made to date towards the development of a boundary
element analysis designed for the elastic micromechanical and macromechanical studies of
composites. The analysis is developed by expressing the surface integrals involved at the
inclusion matrix interfaces in terms of trigonometric shape functions in the circumferential
direction and linear or quadratic shape functions in the longitudinal direction so that the
resulting integrals could be evaluated semi-analytically.

The developed analysis has been applied to a number of problems to show that it can
be used for micro and macromechanical studies of composites.

ELASTOSTATIC OEM FORMULATION

The conventional boundary integral equations for elastostatic analyses are used to
derive a boundary element formulation for the analysis of composite structures. The
boundary integral equation written for a point in the interior of the composite matrix is
modified by adding to it the boundary integral equations of each inclusion written at the
same point in the composite matrix. This eventually eliminates the displacement variables
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at the inclusion-matrix interface to the system. and therefore. reduces the total number of
equations required for a solution of the system.

The direct boundary integral equation for the displacement at a point einside an elastic
body with holes is (Dargush and Banerjee. 1989; Henry and Banerjee. 1991):

Cij(e)u;(e) =L[G~(x, e)/?(x) - fjJ(x, e)u?<,l")] dS(x)

+ f r [GV(x,e)/~(x)-FV(x,e)u~(x)]dsn(.l"), i,j= 1,2,3, (1)
n- I Js·

where

Cij
uf ' Ii
S,sn

N

are the fundamental Kelvin tensors of the governing differential equations of
the matrix of infinite extent (Banerjee and Butterfield, 1981);
are constants determined by the geometry at e;
are displacements and tractions;
are the surfaces of the outer boundary of the matrix and the nth hole (left for
fiber). respectively;
is the number of individual fibers.

Superscripts 0 and H identify the quantities on the outer surface of the matrix and the
quantities on the surface of the hole. respectively.

The conventional boundary integral equation for displacement can also be written for
each of the N fibers. For the displacement at a point einside the nth fiber inclusion we can
write

(2)

are the fundamental Kelvin tensors of the nth fiber inclusion material of infinite
extent;
are constants determined by the geometry at ein fiber n;
are displacement and tractions associated with the nth fiber;
the surface of the nth fiber.

We next examine the interface conditions between the composite matrix and the fiber.
For a perfect bond the displacement of the matrix and that of the fiber inclusion are equal
and the tractions along the interface are equal and opposite:

u~(x) = ul(x), (3a, b)

When the elastic modulus of the fiber is much greater than the modulus of the composite
matrix, the Poisson ratio of the inclusion can be assumed to be equal to that of the matrix
with little error. Although this asumption can easily be relaxed, and will be in the future,
it does lead to considerable efficiency without much error in the analysis. Therefore, upon
consideration of the surface normals at the interface and examination of the Fij kernels, we
can write the following relation for the nth inclusion

(3c)

Substitution of eqns (3) into eqn (2) yields the following modified boundary integral
equation for fiber inclusion "n".
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(4)

Finally adding the N fiber inclusion eqns (4) to eqn (1) and cancelling terms, yields the
modified boundary integral equation for the composite matrix

where

Cij(~) are constants dependent on the geometry for a point ~ on the outer boundary and
Cij(~) = ~Ij for a point ~ in the interior of the matrix.

ANALYTIC INTEGRATION AROUND A FIBER INCLUSION

The boundary element discretization of eqns (4) and (5) in the conventional manner
(Banerjee and Butterfield, 1981) required a very fine discretization about the inclusion.
Alternatively, a new formulation is introduced in this paper for the efficient modeling and
analysis of fiber inclusions using what the authors refer to as "Inclusion Elements". These
elements are defined by describing the centerline of the (curvilinear, tubular) inclusion with
nodal points; defining the connectivity of the nodal points; and specifying the radius of the
inclusion at each of these nodal points. The displacements and tractions at the surface
of these inclusions are described using a trigonometric circular shape function in the
circumferential direction and a curvilinear shape function of any order in the longitudinal
direction (the present work employs both linear and quadratic shape functions for this
purpose). A long inclusion (which is allowed to vary in diameter) can thus be described by
a number of the "inclusion elements" connected end to end, and any such element not
connected to another is assumed to be closed at the end by a circular disc.

Using the concept of the "inclusion element", the essential part of the formulation is
the conversion of the two-dimensional surface integration of the inclusion (and of the hole)
to a one-dimensional integration (Barone and Caulk, 1985; Dargush and Banerjee, 1989;
Henry and Banerjee, 1991). In eqn (5) the integral under the summation is the integral
associated with the hole and inclusion which is to be modified. To facilitate an analytic
integration in the circumferential direction, the three-dimensional kernel functions are first
expressed in local coordinates with the center of the coordinate system coinciding with the
center of the hole and inclusion and the z axis aligned with the centerline of the inclusion.
The relative translation ~; is added to the field coordinate ~i and the rotation is applied
using the appropriate vector transformation.

where alj are the direction cosines between the axis of the local and global coordinate
systems and the bar indicates a local variable.

The integration point XI for a ring can now be expressed in cylindrical coordinates
relative to the center of the hole and inclusion as XI = R cos 0, X2 = R sin 0, X3 = 0, where
R represents the radius of the local inclusion, i.e. R = ('''7 +."n 1/2.

The normal vectors are transformed by n. = n. cos 0, n2 = n, sin 0, n3 = n: where n.
and n: represent the normals of the side of the hole in local coordinates and are dependent
on the change in the radius of the hole and inclusion. On the side of a straight hole n, = 1
and n: = O. and on the flat surface closing the end of the hole and inclusion n, = 0 and
n: = I.

Next a circular shape function is employed to approximate the variation in the traction
about the circumference of the hole and inclusion. The circular shape function is multiplied
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and integrated with the three-dimensional Gij kernal, allowing the nodal values of traction
to be brought outside the integral. The shape function is expressed as (Henry and Banerjee,
1991) :

ti = M 7 tT (summation overy in implied, 'I = 1,2,3),

where

M1(O) = i+ icos 0, M 2(O) = i+ f sin 0- icos 0, M 3(O) = i - f sin 0- icos e,

and t[ is the nodal traction.
A modified circular shape function is used in the integration over the end of the hole

or inclusion to ensure continuity of traction at the center of the end surface. The modified
shape function is expressed as:

M'=aM'+b/3, '1=1,2,3, a=r/R, b=(R-r)/R,

where

R is the radius of the hole and inclusion at the end,
r is the location of the integration point as it sweeps from r = 0 to r = R.

The traction must also be transformed between the local and the global systems by
t i = aiktk or t j = amjtm.

The last term in eqn (5) can now be analytically integrated in the circumferential
direction. For the mth hole the two integrals involved can be expressed as

where the indicated integration over em is now a one-dimensional curvilinear integration
along the hole and G[I represent the semi-analytically integrated kernel functions. Note,
since the transformation vector aiJc is independent of angle 0, it may be taken outside the
dO integration. Similar semi-analytic integration is also performed in eqn (4).

The final kernel functions of the hole and inclusion obtained from the analytical
integration are very lengthy and therefore are not presented in this paper. They contain
functions of a large family of elliptic integrals which in general are expressed numerically
by common series approximations (Abramowitz and Stegan, 1974; Byrd and Friedman,
1954; Wang, 1989; Wang and Banerjee, 1989; Henry and Banerjee, 1991).

The interior strain equation is derived from the displacement eqn (I) (or 2) by differ
entiation and application of the strain-displacement equations. The stresses are then found
using Hooke's law. Note, the authors perform the required differentiation before the analytic
circumferential integration.

Finally, an inclusion which has curvature along its length will differ in surface area
about the circumference on the curved portion of the inclusion. This is neglected in the
formulation since the analytical integration is performed on an axisymmetric ring in which
the surface area is constant about the circumference. This error, however, is small and
disappears completely on a straight tubular inclusion which is most commonly encountered.

NUMERICAL IMPLEMENTATION

The integral representations described above are accurate statements of the composite
problem, however, approximations such as finite discretization and numerical integration
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are necessary in order to obtain a solution to non-trivial problems. The goal ofthe numerical
implementation of the present formulation is to obtain the most accurate and efficient
implementation possible.

After the analytical integration in the circumferential direction is complete, an inclusion
in a three-dimensional solid can be modeled as a two-dimensional curvilinear line element
with a prescribed radius at each longitudinal node. In the discretized form the displacement
boundary integral equation for an elastic body containing inclusion (eqn 4) can be expressed
for a single inclusion as

where

P is the number of line elements;
N7(,,) represents a shape function over the curvilinear line element. Summation over
"I, IX, is implied;
tf' and ur' are nodal values of traction and displacement on the surface of the hole,
respectively.

In a similar manner, eqn (5) can be discretized using one-dimensional shape functions
over the surface of inclusion and two-dimensional shape functions over the outer surface
of the body:

Cil(~)Ui(~) = f [1. G~(X,~)L'("h"2)dS"]/~- f [1 FZ(X,~)L'("""2)dS"]~
,,_1 S" ,,_1 ~

+ £[r Gyj(x, ~)N~(,,) dC']tf', (7),_1 Jc.
where

Q is the number of surface elements on the outer surface of the composite matrix in
the region;
L'(" It "2) represents a two-dimensional shape function.

Summation overy and Pis implied.
It is important to note that the displacement and traction on an inclusion varies in the

longitudinal as well as the circumferential direction, i.e. for displacement it varies,
uj = M'N7 Ui·

The circular shape function M' has been analytically integrated into the kernel func
tions of eqns (6) and (7). The ends of the inclusion are assumed to be a fiat surface and a
one-dimensional numerical integration is carried out in the radial direction. The coefficients
obtained from the integration over the ends are lumped with their respective coefficients
from the integration of the side of the inclusion.

The complexity of the integral in the discretized equation necessitates the use of
numerical integration for their evaluation. The steps in the integration process for a given
element is outlined below:

(I) Using appropriate Jacobian transformations, a curvilinear line element or surface
element is mapped on a unit line or on a fiat unit cell, respectively.

(2) Depending on the proximity between the field point (~) and the element under
consideration, there is an automatic element subdivision and additional mapping
for improved accuracy.

(3) Gaussian quadrature formulae are employed for the evaluation of the discretized
integral over each element (or sub-element). These formulae approximate the
integral as a sum of weighted function values at designated points. The error in
the approximation is dependent on the order of the (Gauss) points employed in
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the fonnula. To minimize error while at the same time maintaining computational
efficiency, optimization schemes are used to choose the best number of points for
a particular combination of field point and element or subelement (Watson, 1979;
Banerjee and Butterfield, 1981; Banerjee et al., 1988).

(4) When the field point coincides with a node of the element being integrated, the
integration becomes singular. In this case, the value of the coefficients of the F;j
kernel corresponding to the singular node cannot be calculated accurately by
numerical integration. Instead, after the integration of all elements is complete,
this value is detennined so as to satisfy a rigid body displacement of the body
(Banerjee and Butterfield, 1981).

After the derivation of the modified boundary integral equations and the analytical
circumferential integration of the kernel functions, the next critical step in the formulation
is the assembly of the inclusion in the system equations. Here, efficiency is of utmost
importance. The strategy is to retain in the system only traction variables on the matrix
fiber interface. This is in contrast to a general multi-region problem where both displacement
and tractions are retained on an interface. The elimination of the displacement on the
interface is achieved through a backsubstitution of the inclusion equations in the system
equations which are made up exclusively from equations written for the composite matrix
(on the outer surface and on the surface of the holes). The procedure is described below.

Equation (7) is used to generate a system of equations for nodes on the outer surface
of the composite matrix and for nodes on the surface of the holes containing the inclusions.
Written in matrix form we have:

on the matrix outer surface: GOtO - fOuo + CtH= 0,

on the matrix hole surface: GOtO- GOuo + CtH = luH,

(8a)

(8b)

where

to and UO are traction and displacement vectors on the outer surface of the composite
matrix;
tH and uH are traction and displacement vectors on the surface of the inclusion;
I is the identity matrix;
GO and fO matrices contain coefficients from the integration over the outer boundary;
C matrix contains coefficients integrated about the hole/inclusion.

Our goal is to eliminate uH from the system. To this end, eqn (6) is written for every node
on an inclusion, collocating slightly outside the boundary of the inclusion [at a distance of
(1.25) • (inclusion radius)] where cJj(e) = 0:

Superscript [2 identifies the equations written at points located slightly outside the boundary
of the inclusions.

Noting uH = ul and tH = - t l we have

(9)

Post-multiplying eqn (8b) by the FI2 matrix in eqn (9) yields

(10)

Equation (9) can now be set equal to eqn (10) and the final form of the system is derived:

on outer surface: GOtO- fOuo + CtH= 0,

on hole: FI2GOtO-FIZfOuo+(F12C+GI2)tH = O. (II )
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At every point on the outer surface, either the traction or the displacement is specified
and on the surface of the inclusion only the tractions are retained. Therefore, the number
of equations in the system are equal to the final number of unknowns. After the solution
ofeqn (11), eqn (8b) is used to determine the displacement at the matrix-inclusion interface.
It should be noted that since the displacement about a particular inclusion is present only
in the inclusion equation corresponding to that matrix-inclusion interface, backsubstitution
can be performed one inclusion at a time in a more efficient manner than backsubstitution
for all inclusions at once. Further, nowhere in the assembly process is a matrix inversion
necessary.

When the composite matrix is divided into a multi-region model, the above inclusion
assembly is performed for each region independently. Thereafter. equilibrium and com
patibility conditions are invoked at common interfaces of the substructured matrix
composite. After collecting together the known and unknown boundary quantities. the final
system can be expressed as

(12)

where

x is the vector of unknown variables at outer boundary and unknown tractions along
the inclusion/matrix interface;
y is the vector of known variables on the outer boundary of the composite matrix;
AbBb are the coefficient matrices.

Standard substructured Gaussian elimination (Banerjee et al., 1988) procedures are
used to solve the unknowns in eqn (12).

INTERIOR QUANTITIES

Once all of the displacements and tractions are known on the matrix outer surface and
on the matrix-inclusion interface. interior quantities of displacement, stress and strain can
be determined at any point in the composite matrix or inclusion. For displacement, either
the conventional boundary displacement integral eqn (I) or (2) can be employed or alter
natively the modified eqns (4) or (5) can be used.

The interior stresses can be evaluated from the discretized form of the interior equa
tions:

a~(e) = f [r Egj(X,e)LII(","2)dS'I(X)]tt- f [ r. Dgj(X,e)LII("'''2)dS'I(X)]uf
'1- I Jst '1_ I Jst

+ £[r E~Hx,e)N2(")dCP(X)]tr- £[r D~Hx,e)N2(")dCP(X)]U:I, (13)
p_ I Jcp p- I Jcp

in which

(14a)

(14b)

A similar equation could be derived if stresses are required inside an inclusion. Equation
(13) is, of course. developed from (I). Since strong kernal singularities appear when (13)
is written for outer boundary points, an alternate procedure is therefore needed to determine
surface stress. This alternate scheme exploits the interrelationships between displacement.
traction. and stress and can be expressed as:
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(l5a, b)

where

(15c)

Equations (15) form an independent set that can be solved numerically for ajj(') and Uji,)
completely in terms of known nodal quantities. Notice, however, that shape function
derivatives appear in (15c), thus constraining the representation of stress on the surface
element to something less than the variation used for displacement.

EXAMPLES OF FIBER COMPOSITE ANALYSIS

A number of examples are presented to verify and demonstrate the applications of the
composite formulation. In the discretization diagrams of models containing the inclusion,
a double line is used to indicate the centerline of the inclusion elements. The lengths of these
elements are shown in proper proportion for the three-dimensional views, however, the
radii of the inclusions are not indicated on these diagrams. The double line is a symbolic
representation of the fiber inclusion elements and does not in any way indicate the diameter.
Refer to the example description for the values of the radii.

Throughout this section consistent units are used in the definition of the examples. This
means all lengths are defined in the same units and the tractions and the elastic moduli are
defined in terms of these lengths as force/length2• No confusion should arise since the results
are reported as non-dimensional quantities.

Cube with a single inclusion
The first test of the formulation is on a unit cube with a single inclusion of radius 0.1

through the center of the cube. The cube is subjected to tension in the direction perpendicular
to the inclusion. It has a modulus of 100.0 and a Poisson ratio of 0.3. Consistent units are
used for all information described in this problem. An inclusion with two different moduli
of 1,000 and 10,000 is studied. The Poisson ratio of the inclusion is assumed to be the same
as that of the cube.

The problem is analysed by both the present formulation and by a full three-dimen
sional multi-region BEM approach. As shown in Fig. I, the model for the fiber inclusion

Fig. I. Discretization of an inclusion in a unit cube utilizing quadratic inclusion elements.
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Fig. 2. Full three-dimensional. multi-region discretization of an inclusion in a unit cube.

2431

formulation consists of 14 quadratic boundary elements and the fiber contains three quad
ratic inclusion elements. The two-region, three-dimensional model shown in Fig. 2 contains
20 quadratic boundary elements in the first region and 16 in the second. Note nine-noded
elements are used in describing the inclusion and hole to accurately capture the curvilinear
geometry.

In Fig. 3, the profile of the end displacement of the cube under a uniform normal
traction of 100.0 (in parallel with the inclusion) is shown. The present formulation is in good
agreement with the full three-dimensional results for EJE = 10. For the case EdE = 100, the
inclusion formulation exhibits less stiffness than the 3-D results. This difference is attributed
to the way the load is distributed from the inclusion to the composite matrix. In the full 3
D model, the applied traction and the resulting reactions at the fixed end act directly on
the end of the inclusion. In the composite formulation, the inclusion is assumed not to
intersect the boundary surface and therefore the inclusion is moved back slightly from the
end of the cube. A small error therefore gets introduced in the composite formulation due
to the end effects of the inclusion.

[n Fig. 4, the stress distribution through the center of the cube (from A to Bas indicated
in the figure) is shown. Again the results are very good for EdE = 10, and deviates slightly
from the full 3-D results in the second case.

Lateral behavior of a cube with multiple inclusions
Existing methods of analysis of composite material based on mechanics of materials

have been relatively successful in predicting the behavior ofcomposite material for loading
in the longitudinal direction. The properties perpendiculaT to the direction of the fibers are
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Fig. 3. Comparison of displacement profiles between the full 3-D model and the inclusion model
for the end of a cube in tension.
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Fig. 4. Axial stress through the cross-section of a unit cube in tension with a single inclusion in
parallel with the loading.

not so readily predictable by present means. The focus of the present example concerns this
lateral behavior.

Four cubes (Fig. 5) with one, two, five and nine inclusions are fixed with a roller
boundary condition on one side and subjected to a uniform traction, perpendicular to the
inclusion axis. The material properties for the inclusion and the matrix respectively, given
in consistent units, are

2 'n••r\. (IN SERIES)

o 00

5 INSERTS 9 INSERTS

o 0
o

o 0

000
000
000

Fig. 5. Arrangement of multiple inclusions in a unit cube subjected to lateral tension.
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Fig. 6. Displacement profile of a cube with a single inclusion under lateral tension.

Ei = 1000, E'" = 100, Vi =0.3, v'" =0.3.

For the cube with one and two inclusions, the boundary mesh consists of two quadratic
surface elements on each lateral side and four elements on the top and bottom. For the
cubes with five and nine inclusions, one additional element was added to the side with the
applied traction and to the side with the roller boundary condition. The top and bottom
faces contain six elements to match the pattern of the sides. In all cases, each inclusion was
modeled using three one·dimensional quadratic elements.

The profile for the end displacement of the cube with one inclusion and five inclusions
are shown in Figs 6 and 7. The results are seen to be in good agreement with the two
dimensional results. The 2·0 results are approximations since plane stress is assumed. The
3-D solutions for the one inclusion are within 2% of the 2-D solution and within 3% for
the case of five inclusions.

Figure 8 shows the average end displacements for the one, two, five and nine inclusions.
Results once again show good agreement with 2-D results. For one, two and five inclusions,
the solutions are within 2% of the 2-D results and 6% for the case of nine inclusions where
the volume ratio is 28.2%. The result is also displayed in a plot of Effective Modulus
vs inclusion Volume Ratio in Fig. 9. The effective modulus is defined as the average
stress/average strain. The three-dimensional results follow closely to the two-dimensional
solution.
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Fig. 7. Displacement profile of a cube with five inclusions under lateral tension.
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Fig. 8. Average end displacement of a cube under tension vs the volume of inclusion to total volume
ratio.

•11•

.....

~
~ 11••

~ ...
... .. .1

o J-D 110' wnw~
& l-D lOt c~r""'1:'

.1 .J

YOI-l.I1!: OF" INSERT , TOT"- YOI-l.I1!:

Fig. 9. EIfL'Ctive transverse modulus of a cube as a function of inclusion volume to total volume.

Thick cylinder with circumferential inclusions
The strength of a cylinder under internal pressure can be increased by adding stiff

circumferential inclusions. In the present example, a three-dimensional. open ended thick
cylinder is considered. The inner and outer radii of the cylinder are 10 and 20 respectively.
the thickness is 2 and the radius of the fully-bonded inclusion is 0.5. By using roller boundary
conditions on the faces of symmetry. only a 15° slice of the thick cylinder is modeled. As
shown in Fig. 10. 16 eight-noded quadratic boundary elements are used to define the sides

•• 7. ~------------ ---.

-J.7~.';;.,-_-------------- ,~,."

Fig. 10. Discretization of a thick cylinder with four inclusions utilizing inclusion elements.
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Fig. II. Axisymmetric multi-region. discretization of a thick cylinder with four inclusions.
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of the model, a nine-noded element is used on both the internal and external faces of the
cylinder, and three inclusion elements are used per inclusion. Note, the inclusions in this
problem are curvilinear in geometry. The elastic modulus of the cylinder is assumed to be
100. and the effect of inclusions with five different moduli of 100, 250, 500, 750 and 1000 is
studied. The Poisson ratio is 0.3 for both the composite matrix and inclusion, and the
internal pressure in the cylinder is 100.

Results from a multi-region, axisymmetric OEM analysis (Henry et al., 1987) were used
for comparison with the 3-D inclusion results of the present example. The axisymmetric
model consists of 20 quadratic boundary clements on the outer surface, and six boundary
element per hole and inclusion (Fig. II). The radial displacement through the thick cylinder
along the top face is shown in Fig. 12 for all five moduli. The displacement for the composite
with low E,fE ratios are in good ageement with the axisymmetric results, and diverge slightly
for higher E,fE ratios. In Fig. 13. the circumferential stress is shown for the same points
along the top edge. This stress is smooth for the homogeneous case (E,/E = 1.0) and exhibits
increasing fluctuations as the E;/E ratio increases and the fibers take on more of the
load. The circumferential stress of the 3-D inclusion model is in good ageement with the
axisymmetric results for all cases. In Fig. 14, the radial stress is displayed for the two
models. The fibers have little effect on this stress and the curves of the five moduli for both
approaches lie in close proximity.

Cube with multiple inclusions with random orientation
In an attempt to analyse a material with a random fiber structure, cubes with multiple

fibers oriented in random directions are studied. The cubes are of unit length and have four

Z•• ,...--------------------,

··~I.•::----------!-I.-:-,--------~Z .•
IlAlIF\. DISTR<E .. I~ RFllIILS

Fig. 12. Radial displacement through a pressurized thick cylinder with circumferential inclusions
for E.lE = 1.0.2.5.5.0.7.5. 10.0.
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Fig. 13. Circumferential stress through a pressurized thick cylinder with circumferential inclusions
for £J £ = 1.0. 2.5. 5.0. 7.5. 10.0.

boundary elements per side (Fig. 15a). Randomly oriented fibers of variable length with
radii of 0.05 are placed in five cubes in quantities of 5, 10, 15,20 and 25 (Figs 15b-f). Three
cases of material properties are considered for each cube. The modulus of the composite
matrix is 100 for all cases, however, the modulus of the fibers are 500, 10,000 and 200,000
for the three cases studied. Poisson's ratio is uniformly 0.3 throughout. Roller boundary
conditions are employed on three adjacent sides and a uniform normal traction of 100 is
applied to a fourth face.

The normal end displacement at the center of the face on the side with the applied
traction is plotted against the number of inclusions in a cube for the three materials (Fig.
16). The displacement decreases with increasing number of fibers per cube and increasing
E,jE values as expected.

A beam with reinforcement in bending
In the last example, the applicability of the present formulation to the study of the

micromechanical and macromechanical behavior of composites is apparent. The present
formulation, however, is equally applicable to typical problems encountered by civil engin
eers. Reinforced concrete can now be modeled exactly as a three-dimensional body and
studied in detail for the first time. The present example considers a reinforced concrete
beam. Here the concrete plays the role of the composite matrix and the reinforcement bars
play the role of the fiber. In Fig. 17, a 4 x I x I beam with four fibers is modeled using 28
quadratic boundary elements. The effect of the ratio of fiber modulus to matrix modulus

-I.Z,..--------------------,
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Fig. 14. Radial stress through a pressurized thick cylinder with circumferential inclusions for
£,/£ = 1.0,2.5,5.0,7.5.10.0.
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Fig. IS. (a} Surface discretil.ation of a unit cube used in the study of random oriented inclusions.
(b-f) Orientation of variable length inclusions within unit cubes containing S. 10, IS. 20 and 25

inclusions. respectively.
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Fig. 16. End displacement of a unit cube with random oriented inclusions of E,{E ... 5.0, 10.0
and 100.0.
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I.Wr---------------------..,
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Fig. 17. Discretization of a reinforced beam utilizing quadratic inclusion elements to model the four
inclusions.

(EI / E) is studied for a range of values between I and 100. The Poisson ratio is 0.3 for both
the beam and reinforcement.

The beam is completely fixed at one end and a downward shear traction of 100 is
applied to the other end. The non·dimensionul vertical displacement of the end obtained
from the present anulysis is shown in Fig. 18 as a function of EdE. The non~imensional

displacement is defined as the end displacement of the reinforced beam divided by the
displacement of a homogeneous beam under similar boundury conditions.

The end displacement obtained from the mechanics of material solution is also dis·
played in Fig. 18 in a non·dimensional form. The curvature of the two plots are very similar
but differ in magnitude. This difference is attributed to the fact that although the mechanics
of material solution accounts for the stiffening due to the fibers. it does not include the
effect of interaction between individuallibers.

Laminated fiber composite
A laminated composite fabricated from a fiber composite material is shown in Fig. 19.

The fiber composite is constructed with a single row of fully-bonded fibers oriented in the
same direction. A two·ply laminate is then constructed from the fiber composite with the
fibers of the two layers oriented at 90' angles. A boundary element model created for the
study of this material is shown in Fig. 20. A small slice containing two fibers in each layer
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Fig. 18. Non-dimensionalized vertical end displacement of a reinforced beam in bending vs the

modulus of the inclusion over modulus of the beam.



Analysis of 3-D solids

c-:-~-=--=~-:D~~
CCCCOI:':: :-:=:::J

Fig. 19. Laminate-fiber composite.

I."....----------------------,

-·~.l::.=----------------------:-'I."

Fig. 20. OEM discretization of a laminate-fiber composite.
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Fig. 21. Lateral displacement of a point at the comer of the interface of a laminate-fiber composite
under bi-axial tension.
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is used. The model consists of two regions. The outer surface of each region is modeled
with 16 quadratic boundary elements and each fiber contains two quadratic inclusion
elements. The interface between the two regions is assumed to be a perfect bond, however,
the present analysis can easily be extended for sliding and spring connections.

The composite structure is subjected to biaxial tension. This is accomplished with
normal tractions of 100 applied to two adjacent roller boundary conditions applied to the
opposite ends. The elastic modulus of the composite matrix of both regions are assumed
to be 100. and the moduli of the inclusion vary between 100 and 10,000. The Poisson ratio
is 0.3 for both the composite matrix and fibers at all times.

Figure 21 displays one component of inplane displacements as a function of modulus
ratio for a point on the interface at the corner of the plate adjacent to the sides with the
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applied traction. The material exhibits less displacement as the modulus is increased, as
expected.

CONCLUSIONS

An approximate BEM formulation for the efficient 3-D elastic analysis of solids with
inclusions is presented. The analysis is efficient as well as reasonably accurate for a range
of problems when compared with conventional multi region modeling. One of the major
advantages of this formulation lies in the fact that the locations and arrangements of these
inclusions can be altered without rebuilding the BEM discretization of the outer boundary.
It is also possible to store the major part of the boundary element coefficients and supplement
them with new integrated coefficients for the altered design for reassembly and solution at
a fraction of the original cost. The present implementation includes all of these advanced
features.
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